COL7160 : Quantum Computing
Lecture 19: Grover’s Search Algorithm and Amplitude Amplification

Instructor: Rajendra Kumar Scribe: Rohit Baraik

1 The Search Problem

Definition 1 (Search Problem). Let N = 2" and let f : {0,1}" — {0, 1} be a Boolean function given as a black-box
oracle. The search problem asks us to find an = € {0, 1}" such that f(z) = 1. We call such an  a marked or good
element. Let ¢ denote the total number of marked elements, i.e. t = |[{z : f(x) = 1}|.

Classically, any algorithm requires (2(IN/t) oracle queries in the worst case. Grover’s algorithm solves this with
O(4/N/t) quantum oracle queries.
1.1 Setup and Initial State

We work in the n-qubit Hilbert space (C?)®™. Starting from |0"), we apply the n-fold Hadamard transform H®"
to get the uniform superposition

HE [on) = \/% S ).

ze{0,1}"

We decompose this state into two orthogonal components. Define

1 1
|A>:% Y ), |B>:\/N—_ Y o).

z: f(x)=1 ¢ x: f(x)=0

Then the uniform superposition can be written as

= L1+t ip).

Define the angle 0 by sin 6 = \/t/N, so that

|u) = sinf |A) + cosf |B).

2 Grover’s Algorithm
2.1 The Phase Oracle

The phase oracle Z acts on basis states as

RGeS
Zylw) = {—|az> if f(z) = 1.

Geometrically, Z; is a reflection about | B) in the plane spanned by {|A) ,|B)}.
2.2 'The Grover Iterate
The Grover diffusion operator is

W = H®"(2[0")(0"| — I)H®" = 2|u)(u| — I.

It is a reflection about |u) in the same plane. The full Grover iterate is G = W o Z;.



2.3 Geometric Analysis: One Grover Iteration

Lemma 2 (Grover Rotation). One application of G = W o Z; rotates the state vector by 26 towards |A) in the
{14),B)} plane.

Proof. Write the current state as [1)) = sin« |A) + cos « |B) for some angle .

Step 1 — Apply Z;. The oracle flips the sign of the |A) component:
Zp ) = —sina |A) + cosa |B).
Step 2 — Apply W = 2 |u) (u| — I. Let [v) = Z [¢). Since |u) = sinf |A) + cos 6 |B),
(ulv) = sinf(—sina) + cosfcosa = cos(a + 6).
Then

W |v) = 2cos(a+ 0) |u) — |v)
= 2cos(a+ 6)(sinf |A) + cos 0 |B)) — (—sina |A) + cosa | B)).

Collecting coefficients and using the sum-to-product identities:

coefficient of |A) : 2cos(a+ 0)sinf +sina = sin(a + 26),
coefficient of |B) : 2cos(a+ 0)cosf —cosa = cos(a + 26).

Hence G |¢) = sin(a + 260) |A) + cos(a + 20) | B), which is a rotation by 26 towards |A). O

2.4 State After k Iterations
Starting from |u) (angle o = 6) and applying Lemma 2 inductively,
G* lu) = sin((2k + 1)8) |A) + cos((2k + 1)0) |B).

The probability of measuring a marked element after  iterations is Pr[success] = sin®((2k + 1)6).

2.5 Optimal Number of Iterations and Error Probability

We want (2k + 1) ~ 7/2, giving the optimal iteration count

. 7 1 =« [N N
AR R t_0< t>~

Theorem 3 (Error Bound for Grover’s Algorithm). With k* = | K| iterations (nearest integer to K ), where K =

s

10— % the error probability satisfies

Pr(failure] = cos*((2k* +1)0) <

N | =

Proof. Since k* = | K|, we have [k* — K| < 1, s0
(2k* +1)0 — g‘ =20 k" — K| < 0.

For t < N/2, we have § < 7/4, so (2k* + 1) € [n/4, 3w/4]. On this interval | cosz| < |sin z|, which gives
cos?((2k* + 1)6) < sin®((2k* + 1)0), and since both sum to 1, the error satisfies cos?((2k* 4+ 1)0) < 1. O




2.6 'The Full Grover Algorithm

Algorithm 1 Grover’s Search Algorithm
1: Input: Oracle Z; for f : {0,1}"™ — {0, 1}; ¢ = number of marked elements.
2: Output: z with f(z) = 1, with probability > 3.
3: Prepare uniform superposition: |u) «— H®™|0™)

T [N .
4: Set k* < VT > nearest integer
: for k =1to k* do
Apply phase oracle Z; > Reflect about | B)
Apply diffusion W = 2 |u) (u| — I > Reflect about |u)

: end for
: Measure in the computational basis; output z.

Theorem 4 (Grover’s Theorem). Grover’s algorithm solves the search problem using O(\/N/t) oracle queries, with
success probability at least %

3 Improving Success Probability When ¢ is Known

Problem 5. Suppose we know the value of ¢ (and hence # = sin~!/t/N). How can we improve the success
probability of Grover’s algorithm to be exactly 1?

When t is known, we know 6 exactly. From the analysis above, the ideal (possibly non-integer) number of iterations
is

m 1

40 2

If K happens to be an integer, we set k* = K and obtain success probability sin®((2k* + 1)) = sin®(7/2) = 1
exactly.

However, K is generally not an integer. Setting k* = | K] already gives success probability > % by Theorem 3, but
we want to do better. The fix is to change the angle § — i.e. replace the uniform superposition with a different starting
state — so that the condition (2k* + 1)0 = 7/2 is met exactly for some integer k*. We will resolve this problem foe
the generalized version of search problem: Amplitude Amplification.

4 Amplitude Amplification

4.1 Problem Setup

Definition 6 (Amplitude Amplification Setup). Let A be a quantum algorithm acting on n qubits such that

Al0™) = /P [tho) + /1 —p |¢h1),

where |t)g) (the good subspace, f(x) = 1) and [¢1) (the bad subspace, f(x) = 0) are orthogonal normalised states,
and p is the initial success probability of A. Writing

W}O> :Zam “r>a |"/)1> :ZBT |l’>,

we have f(z) =1iff o, # 0,and f(x) =0iff o, = 0.

Goal. Boost the probability of measuring a good state from p to near 1, using as few applications of A, A~!, and Z
as possible.

Step 1. Prepare A |0™).



Step 2. Apply the Grover iterate, but now with respect to A. However, directly applying Z followed by the original
Grover diffusion H®™(2]0™) (0™ — I) H®™ will not work, because the diffusion was designed to reflect about the
uniform superposition H®" |0™), not about A |0™). We must instead reflect about |¢)) = A|0™).

Remark 7. Grover’s algorithm is the special case A = H®", |1y) = |A), [¢1) = |B), and p = t/N.

4.2 The Amplitude Amplification Operator

The correct generalisation of the diffusion operator is
Wa = AQ[0")0" = 1)A™ = 2 )| =1, [p) =A0").
Define the amplitude amplification operator

Q = WaoZy = (2[¥)(¥| 1) Z.

Let ¢ = sin~'\/p, so that |1)) = sin |1g) + cos ¢ [1/1). By the identical geometric argument as Lemma 2 (with ¢
in place of 0, |1o) in place of |A), |1)1) in place of | B)), each application of Q rotates the state by 2 towards |1)g).
After k steps,

Q" [¢) = sin((2k + 1)¢) [tro) + cos((2k + 1)gp) [),
and the success probability is sin®((2k + 1)¢).

4.3 Algorithm and Complexity

Algorithm 2 Amplitude Amplification
1: Input: Algorithm A with A[0™) = \/p |v0) + /1 — p |¢1); oracle Z;.
2: Output: A good state |z) with f(z) = 1, with probability > 3.
3: Prepare |¢)) «+ A|0™)

m 1 .1 .
4: Set k* « @ — 2—‘ , where ¢ = sin /P > nearest integer
5. fork =1to k* do
6: Apply Z¢ > Flip sign of good states
7. Apply Wa = A(2]0™) (0| — T1)A~! > Reflect about [1))
8: end for
9: Measure in the computational basis; output z.

Theorem 8 (Amplitude Amplification). Amplitude amplification produces a good state (i.e. f(x) = 1) with probability
at least 5 using O(1/./p) applications of A, A=1, and Zy. When p = t/N, this is O(\/N/t) oracle calls.

~ 1,
(2k* + 1)¢ € [r/4,3m /4], giving sin®((2k* 4+ 1)¢) > %. The number of iterations is k* < o+ 1 =0(1/p) =

O(1//p). O

Proof. With k* = [K and K = - L, we have |k* — K| < 7, s0 [(2k* + 1)¢ — Z| < ¢. For p < 3, this places

4.4 Resolution of Problem 5

We now see how amplitude amplification answers Problem 5. When ¢ is known, ¢ = sin~* /t/N is known exactly.

We compute
k= V - 1] .
dp 2

To achieve success probability exactly 1, we need (2k* 4+ 1)¢* = 7/2 for some adjusted angle ©*. Since k* is now
fixed, we solve for



s
* — - * < .
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Constructing a new algorithm A* with angle ¢*. We extend the state space by one ancilla qubit and define

* _ f(mla'-wxn) ifmn-‘,—l =0,
f (xl,...yxnawn+l) — {0 ifIn+1 —1

This ensures that marked states of f* are exactly the marked states of f with the ancilla qubit in state |0).
Define the new algorithm A* acting on (n + 1) qubits as

A*|0™H) = A|0") @ U |0),

where U is the single-qubit rotation

_ [cosp* —sinp* . X o
U = (sincp* cos 5" >, so U |0) = cos ™ |0) + sin ™ |1).

Expanding,

AT|0"H) = (P [o) + V1 —p [¢1)) @ (cos p* [0) +sinp* [1))
= Vpeose® [¢o) [0) + /psing” [¢ho) [1) + /1 — pcose™ [¢1) |0) + /1 — psing® [¢h1) [1).
The good states of f* (ancilla = 0 and f(x) = 1) receive total amplitude ,/p cos ¢*, so the initial success probability

for f* is p* = pcos?¢*, and sin~'\/p* = * (since sin p* ~ ¢* for small p* and the geometry works out exactly
by construction). Running amplitude amplification with k* steps now gives
.2 * * _ 2 z _
sin®((2k* + 1)¢*) = sin 5) = 1.

The total number of oracle calls remains O(4/N/t), and accounting for the O(log N) cost of state preparation, the

overall complexity is
0] < -log N ) .

When the number of solutions ¢ is not known, show that there exists a quantum algorithm that finds a solution with
constant success probability using an expected O(+/N/t) oracle calls.

N
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